
CONTINUOUS IMAGES OF CLOSED SETS IN GENERALIZED

BAIRE SPACES
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Abstract. Let κ be an uncountable cardinal with κ = κ<κ. Given a cardinal
µ, we equip the set κµ consisting of all functions from κ to µ with the topology

whose basic open sets consist of all extensions of partial functions of cardinality

less than κ. We prove results that allow us to separate several classes of subsets
of κκ that consist of continuous images of closed subsets of spaces of the form
κµ. Important examples of such results are the following: (i) there is a closed

subset of κκ that is not a continuous image of κκ; (ii) there is an injective
continuous image of κκ that is not κ-Borel (i.e. that is not contained in the

smallest algebra of sets on κκ that contains all open subsets and is closed

under κ-unions); (iii) the statement “every continuous image of κκ is an
injective continuous image of a closed subset of κκ” is independent of the

axioms of ZFC; and (iv) the axioms of ZFC do not prove that the assumption

“2κ > κ+ ” implies the statement “every closed subset of κκ is a continuous
image of κ(κ+)” or its negation.

Contents

1. Introduction 1
2. Thin sets 10
3. Injective images of κκ 13
4. Continuous injective images of closed sets 19
5. Classes defined from inner models 21
6. Trees of higher cardinalities 22
7. Perfect embeddings 23
8. Questions 27
References 27

1. Introduction

Let κ be an infinite regular cardinal. Given a cardinal µ, we equip the set κµ
consisting of all functions x : κ −→ µ with the topology whose basic open sets are
of the form

Ns = {x ∈ κµ | s ⊆ x},
where s is an element of the set <κµ of all functions t : α −→ µ with α < κ. We
let Σ0

1(κ) denote the class of all open subsets of κκ and we use B(κ) to denote the
class of all κ-Borel subsets of κκ, i.e. the class of all subsets that are contained in
the smallest algebra of sets on κκ that contains all open subsets and is closed under
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κ-unions. A subset of κκ is a Σ1
1-subset if it is equal to the projection of a closed

subset of κκ × κκ and it is a ∆1
1-subset if both the set itself and its complement

are Σ1
1-subsets. Since the graph of a continuous function f : A −→ κκ with A

closed is a again a closed subset of κκ × κκ and the spaces κκ and κκ × κκ are
homeomorphic, it follows that a subset A of κκ is a Σ1

1-subset if and only if it is
equal to the continuous image of a closed subset of κκ (in the sense that there is a
closed subset C of κκ and a function f : C −→ κκ such that A = ran(f) and f is
continuous with respect to the subspace topology on C).

If κ is an uncountable cardinal with κ = κ<κ, then it is well-known (see, for
example, [Lüc12, Section 2]) that the class of Σ1

1-subsets of κκ is equal to the class
of subsets that are definable over the structure (H(κ+),∈) by a Σ1-formula with
parameters. This shows that many interesting and important subsets of κκ are
equal to continuous images of closed subsets of κµ. We present two examples of
prominent Σ1

1-subsets that are contained in a smaller class of continuous images.

Example 1.1. The club filter

Clubκ = {x ∈ κκ | ∃C ⊆ κ club ∀α ∈ C x(α) = 0}

is a continuous image of the space κκ. Let T denote the set of all pairs (s, t) in
γ2 × γ2 such that γ < κ is a limit ordinal , t(α) ≤ s(α) for all α < γ and t
is the characteristic function of a closed unbounded subset of γ. We order T by
componentwise inclusion. Then the tree T is isomorphic to the tree <κκ, because
it is closed under increasing sequences of length less than κ and every node has
κ-many direct successors. Hence we can equip the set [T ] of all branches of length
κ through T with the topology whose basic open sets consists of all extensions
of elements of T and obtain a topological space homeomorphic to κκ. Since the
projection p : [T ] −→ κκ onto the first coordinate is continuous, we can conclude
that the set Clubκ is equal to a continuous image of κκ.

Example 1.2. Suppose that f : <κκ −→ κ is a bijection. Let Tκ denote the set
of all x ∈ κ2 such that x ◦ f is the characteristic function of a subtree of <κκ with
a branch of length κ (a definition of these terms can be found at the beginning of
Subsection 1.1). The results of [MV93, Section 2] show that Tκ is a Σ1

1-complete
subset of κκ, i.e. if A is a nonempty Σ1

1-subset of κκ, then there is a continuous
function f : κκ −→ κκ with A = f−1[Tκ]. The set Tκ is also equal to a continuous
image of κκ. To see this, let S denote the set of all pairs (s, t) in γκ × γκ with
γ < κ such that t ◦ f is the characteristic function of a subtree of <κκ and s is the
characteristic function of a branch in this tree of the same height. We order S by
component-wise inclusion. As above, the tree S is isomorphic to <κκ, the set of all
κ-branches though S equipped with the topology induced by S is homeomorphic
to κκ and this shows that Tκ equal to a continuous image of κκ.

In this paper, we study the provable and relative consistent statements about
the relationships between different classes of such continuous images in the case
where κ is an uncountable cardinal with κ = κ<κ. We will consider the following
classes of subsets.

• The class Cκ of continuous images of κκ.
• The class Σ1

1(κ) of continuous images of closed subsets of κκ.
• The class Iκ of continuous injective images of κκ.
• The class Iκcl of continuous injective images of closed subsets of κκ.
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It will turn out that the following class is also important for this analysis.

• Let M be an inner model of set theory and n < ω. We define SM,κ
n to be

the class of all subsets A of κκ such that

A = {x ∈ κκ | M [x, y] |= ϕ(x, y)}

for some y ∈ κκ and a Σn-formula ϕ(u, v), where M [x, y] =
⋃
z∈M L[x, y, z]

is the smallest transitive model of set theory containing M ∪ {x, y}.
To motivate our work, we start by briefly reviewing the relations between these

classes in the classical setting κ = ω.

• The classes B(ω) and Iωcl coincide (see [Kec95, 15.3]).
• Since every set in Iω has no isolated points, Iω is a proper subclass of B(x)

that contains every non-empty open set. Moreover, every Borel subset of
ωω is equal to the union of an element of Iω and a countable set (this
follows from [Kec95, 6.4] and [Kec95, 13.1]).

• The classes Σ1
1(ω) and Cω coincide (see [Kec95, 2.8]).

• Given an inner model M of ZFC, the class SM,ω
1 coincides with the class

of all Σ1
2-subsets of ωω, i.e. with the class of projections of complements of

Σ1
1-subsets of κκ× κκ (this follows from [Jec03, Lemma 25.20] and [Jec03,

Lemma 25.25]).

Σ0
1(ω) // Iω // B(ω) Iωcl // Σ1

1(ω) Cω // SM,ω
1

Figure 1. The provable and consistent relations between the con-
sidered classes in the case κ = ω.

We summarize the above relationships in Figure 1 with the help of a complete
diagram of provable and consistent relations. Given two classes C and D of subsets,
we use a solid arrow A −→ B from A to B to indicate that it is provable from
the axioms of ZFC that every non-empty subset in A is an element of B and a
dashed arrow A 99K B to indicate that this inclusion is relatively consistent with
these axioms. Such a diagram is complete if the transitive hull of the displayed
implications contains all possible implications.

SL,κ
1

// Iκcl // Σ1
1(κ)

L[x]

uu UVXZ\]_acdfhj

B(κ)

OO

Σ0
1(κ)

OO

// Iκ

OO

// Cκ

OO

Figure 2. The provable and consistent relations in the case where
κ is an uncountable cardinal with κ = κ<κ.
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The results of this paper will show that the above classes relate in a fundamen-
tally different way if κ is an uncountable cardinal with κ = κ<κ. These results are
summarized by Figure 2 and they will show that this diagram is also complete.

An important results in the above analysis is observation that the class of con-
tinuous image of κκ does not contain every nonempty closed subset of κκ. We will
show that the closed subset constructed in the proof of this result is equal to a
continuous image of the space κ(κ+). Motivated by this fact, we also investigate
the following classes in the case where µ is a cardinal with κ < µ < 2κ.

• The class Cκ,µ of continuous images of κµ.
• The class Cκ,µcl of continuous images of closed subsets of κµ.

As above, we first discuss known results about the relationships between these
classes in the countable case.

• The classes Cω,µ and Cω,µcl coincide (see [Kec95, 2.8]).
• Every Σ1

2-subset of ωω is equal to the projection of a subtree of ωω × ωω1

(see [Kec95, 38.9]). In particular, Σ1
1(ω) is a proper subclass of Cω,ω1 .

• If every uncountable Σ1
2-subset of ωω contains a perfect subset, then there

is a set in Cω,ω1 that is not a Σ1
2-subset.

• If every subset of ωω of cardinality ω1 is a Σ1
2-subset, then every set in

the class Cω,ω1 is a Σ1
2-subset (see the proof of Proposition 1.20 for a

similar argument). By using almost disjoint coding (see [JS70] and [Har77,
Section 1]), the above assumption can be seen to hold in every model of
MAω1

+ ¬(CH) + “ω1 = ωL
1 ” (see [MS70, Section 3.2]).

Cω,µ Cω,µcl

V|=MAω1
+“ω1=ωL

1 ”

���
�
�
�
�
�

Σ1
1(ω)

OO

// Σ1
2(ω)

OO

Figure 3. The provable and consistent relations between the con-
sidered classes in the case where κ = ω and µ is a cardinal with
ω < µ < 2ω.

The complete diagram shown in Figure 3 summarizes these results.
Analogous to the above results, these classes behave quite differently in the

case where κ is an uncountable cardinal with κ = κ<κ and µ is a cardinal with
κ < µ < 2κ. The results of this paper will show that the diagram shown in Figure
4 is complete.

In the remainder of this section, we present the results that imply that the above
diagrams contain all provable and consistent implications.

1.1. The class Cκ of continuous images of κκ. We fix a regular cardinal κ
and cardinals µ0, . . . , µn. We call a subset T of <κµ0 × · · · × <κµn a subtree if
lh(t0) = · · · = lh(tn) and (t0 � α, . . . , tn � α) ∈ T holds for every tuple (t0, . . . , tn)
in T and every α < lh(t0). We use ≤ to denote the natural tree-ordering on such a
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Cκ,µ // Cκ,µcl

V|=BA(κ)+“κ+=(κ+)L ”

���
�
�
�
�
�

VAdd(κ,θ)
oo_ _ _ _ _ _ _ _ _

Cκ

OO

// Σ1
1(κ)

OO

Figure 4. The provable and consistent relations between the con-
sidered classes in the case where κ is an uncountable cardinal with
κ = κ<κ and µ is a cardinal with κ < µ < 2κ.

subtree T , i.e. if s = (s0, . . . , sn) and t = (t0, . . . , tn) are nodes in T , then we write
s ≤ t to denote that si ⊆ ti holds for all i ≤ n.

Given a subtree T of <κµ0 × · · · × <κµn, we say that an element (x0, . . . , xn) of
κµ0 × · · · × κµn is a cofinal branch through T if (x0 � α, . . . , xn � α) ∈ T for every
α < κ. It is easy to see that a subset A of κµ0 × κµn is closed with respect to the
above topology if and only if it is equal to the set [T ] of all cofinal branches though
some subtree T of <κµ0 × · · · × <κµn.

An important topological property of spaces of the form ωµ is the fact that
non-empty closed subsets are retracts of the whole space (see [Kec95, 2.8]), i.e.
given an closed subset A of ωµ there is a continuous (even Lipschitz) surjection
f : ωµ −→ A such that f � A = idA. The proof of this statement generalizes to
higher cardinalities for a certain class of subsets.

Proposition 1.3. Let κ be an infinite regular cardinal, µ0, . . . , µn be cardinals and
T be a subtree of <κµ0×· · ·×<κµn. Assume that T is a <κ-closed (i.e. if λ < κ and
〈(tα0 , . . . , tαn) | α < λ〉 is an increasing sequence in T , then (

⋃
α<λ t

α
0 , . . . ,

⋃
α<λ t

α
n)

is an element of T ) tree without end notes. Then the closed set [T ] is a retract of
κµ0 × · · · × κµn.

Proof. Note that our assumptions imply that there is a cofinal branch through
every node of T . We define ∂T to be the set

{(s0, . . . , sn) ∈ (γµ0 × · · · × γµn) \ T | γ < κ, ∀α < γ(s0 � α, . . . , sn � α) ∈ T}. (1)

Then our assumptions imply that every element s of ∂T is the direct successor of
an element ts of T and there is a cofinal branch xs though T with ts ⊆ xs. If
y = (y0, . . . , yn) ∈ (κµ0 × · · · × κµn) \ [T ], then there is a unique α < κ such that
(y0 � α, . . . , yn � α) ∈ ∂T and we let sy denote this tuple. This allows us to define a
surjection f : κµ0 × · · · × κµn −→ [T ] by setting f(x) = x if x ∈ [T ] and f(y) = xsy
otherwise. It is easy to see that f is continuous. �

The following observation shows that the above topological property does not
hold for all closed subsets of κµ if κ is regular and uncountable.

Proposition 1.4. Suppose that κ is an uncountable regular cardinal and µ > 1 is
a cardinal. Let A denote the set of all x in κµ such that x(α) = 0 for only finitely
many α < κ. Then A is a closed subset of κµ that is not a retract of κµ.



6 PHILIPP LÜCKE AND PHILIPP SCHLICHT

Proof. Let T denote the set of all t ∈ <κµ such that t(α) = 1 for only finitely many
α ∈ dom(t). Suppose that f : κµ −→ A is a retraction onto A.

We inductively construct sequences 〈xn ∈ A | n < ω〉 and 〈γn < κ | n < ω〉 such
that xn(γn) = 0, γn < γn+1 and xn � γn+1 = xn+1 � γn+1 for all n < ω. Let γ0 = 0
and x0 be an arbitrary element of A with x(0) = 0. Now assume that xn and γn are
already constructed. Then we find γn < γn+1 < κ with f [Nxn�γn+1

] ⊆ Nxn�(γn+1).
Pick xn+1 ∈ A with xn+1 � γn+1 = xn � γn+1 and xn+1(γn+1) = 0.

Now pick xω ∈ κµ with xn � γn+1 ⊆ xω and set γω = supn<ω γn. Given
n < ω, we have f(xω) ∈ Nxn�γn+1 and therefore f(xω)(γn) = xn(γn) = 0. Hence
f(xω) /∈ A, contradicting our assumption on f . �

Since every non-empty closed subset of the Baire space ωω is a retract of ωω, it
follows that every closed subset of ωω is an continuous image of ωω and this implies
that the class Cω is equal to the class of all Σ1

1-subsets of ωω. It is natural to ask
whether these classes are also identical if κ is an uncountable regular cardinal. In
Section 2 we will answer this question negatively by proving the following result.

Theorem 1.5. Let κ be an uncountable cardinal with κ = κ<κ. Then there is a
closed non-empty subset of κκ that is not the continuous image of κκ.

This result has the following corollary that shows the class Cκ lacks important
closure properties.

Corollary 1.6. The class Cκ is not closed under finite intersection.

Proof. Let A = p[T ] be the closed subset provided by Theorem 1.5. Define ∂T
as in (1). Given i < 2, define T0 to be T together with the set of all extensions
of elements of ∂T by strings of i’s of length less than κ. Then Ti is a <κ-closed
subtree of κκ without end nodes. By Proposition 1.3, [Ti] is an element of Cκ.
Our construction ensures that the intersection [T0] ∩ [T1] is equal to the set A and
therefore is not an element of Cκ. �

1.2. The class Iκ of continuous injective images of κκ. We discuss results
separating the class Iκ from the other classes introduced above. Since every image
of κκ under a continuous injective map has no isolated points, it follows that the
classes Cκ and Iκcl are both not contained in Iκ.

Proposition 1.7. If κ is an uncountable cardinal with κ = κ<κ, then every non-
empty open subset of κκ is equal to an injective continuous image of κκ.

Proof. We can write A is disjoint union A =
⋃
α<κNsα of basic open sets, where

sα ∈ <κκ for α < κ. We choose homeomorphisms fα : Nsα → κκ and combine them
to a homeomorphism f : κκ→ A. �

To separate Iκ from the class of all κ-Borel subsets of κκ, we need to introduce
an important regularity property of subsets of κκ. We say that a subset A of κκ is
κ-Baire measurable if there is an open subset U of κκ and a sequence 〈Nα | α < κ〉
of nowhere dense subsets of κκ such that the symmetric difference A∆U is a subset
of
⋃
α<κNα. Every κ-Borel subset of κκ is κ-Baire measurable (see [HS01]) and it

is consistent that every ∆1
1-subset has this property (see [FHK, Theorem 49]). We

will prove the following result in Section 3.

Theorem 1.8. If κ is an uncountable cardinal with κ = κ<κ, then there is a
sequence 〈Aγ ⊆ κκ | γ < 2κ〉 of pairwise disjoint injective continuous images of
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κκ such that Aγ and Aδ cannot be separated by κ-Baire measurable sets for all
γ < δ < 2κ.

Corollary 1.9. If κ is an uncountable cardinal with κ = κ<κ, then there is a
subset of κκ that is equal to an injective continuous image of κκ and is not a κ-
Borel subset. �

In Section 3 we will present a variation of the proof of the above theorem that
will allow us to prove the following surprising implication.

Theorem 1.10. Let ν be an infinite cardinal with ν = ν<ν and κ = ν+ = 2ν .
Assume that every κ-Aronszajn tree T that does not contain a κ-Souslin subtree is
special.1 Then there is a ∆1

1-subset of κκ that is not κ-Baire measurable.

The assumption of the above theorem are known to be consistent in the case
“ν = ω ” (see [AS85, Theorem 4.1]). If ν is uncountable, then this assumption
implies that �(κ) fails and κ is weakly compact in L (see [Tod07, Corollary 6.3.3]
and [Tod89, Theorem 3]).

1.3. The class Iκcl of continuous injective images of closed subsets of κκ.
By the above results, the class Iκcl is neither contained in the class B(κ) nor in the
class Cκ. We present results that imply the remaining implications shown in the
diagram of Figure 2.

Lemma 1.11. Every κ-Borel subset of κκ equal to a continuous injective image of
a closed subset of κκ.

Proof. We can code a Borel set B ⊆ κκ by a well-founded tree T ⊆ <ωκ which
has basic open sets Nst attached to the end nodes t, and labels lt ∈ {c, u} (for
complement and union) at each non-end node t. We call a function y : T −→ 2
correct if lt0 = c implies y(t0) = 1− y(t1) whenever t1 is a direct successor of t0 in
T , and lt0 = u implies y(t0) = 1 if and only if there is a direct successor t1 of t0 in
T with y(t1) = 1. Given t ∈ T , let Bt denote the corresponding Borel set coded at
t. Then B = B∅. Let EndT denote the set of end nodes of T . Define

C = {(x, y) ∈ κκ× T 2 | y is correct, ∀t ∈ EndT (y(t) = 1⇐⇒ x ∈ Nst)}.

Then C with the initial segment topology is homeomorphic to the space κκ and the
projection p : C −→ κκ onto the first coordinate is continuous. Moreover B = p[C]
and p � C is injective, since y : T −→ 2 is uniquely determined by x. �

With the help of the above lemma, we will prove the following result that will
allow us to show that it is consistent with the axioms of ZFC that every Σ1

1-set is
equal to a continuous injective image of a closed subset of κκ.

Theorem 1.12. Let κ be an uncountable cardinal with κ = κ<κ. Then every subset

in the class SL,κ
1 is equal to an injective continuous image of a closed subset of κκ.

The above statement now follows from the following observation.

1Let κ be an uncountable regular cardinal. A κ-Aronszajn tree is a tree of height κ without

κ-branches and the property that every level has cardinality less than κ. A κ-Aronszajn tree is a

κ-Souslin tree if every antichain in this tree has cardinality less than κ. If ν is an infinite cardinal,
then a tree T of height ν+ is special if there is a functions s : T −→ ν that is injective on chains

in T .
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Proposition 1.13. Assume V = L[x] with x ⊆ κ for some uncountable cardinal κ

with κ = κ<κ. Then the classes SL,κ
1 and Σ1

1(κ) coincide.

Proof. By the above remarks, a subset of κκ is Σ1
1-definable if and only if it is

definable over the structure (H(κ+),∈) by a Σ1-formula with parameters. Since
H(κ+) = Lκ+ [x], these formulas are absolute between V and H(κ+). �

Corollary 1.14. Let κ be an uncountable cardinal with κ = κ<κ. Assume that
V = L[x] for some x ⊆ κ. Then every Σ1

1-subset of κκ is equal to an injective
continuous image of a closed subset of κκ. �

In the other direction, we will show that it is also consistent that Cκ is not a
subclass of Iκcl.

Theorem 1.15. Let κ be an uncountable cardinal with κ = κ<κ and let G be either
Add(κ, κ+)-generic over V or Col(κ,<λ)-generic over V for some inaccessible car-
dinal λ > κ. In V[G], the club filter Clubκ is not equal to an injective continuous
image of a closed subset of κκ.

We will also show that the classes Iκcl and SL,κ
1 do not coincide in any Col(κ,<λ)-

generic extension, where λ > κ is inaccessible.

Theorem 1.16. Let κ be an uncountable cardinal with κ = κ<κ, G be Col(κ,<λ)-
generic over V for some inaccessible cardinal λ > κ and M be an inner model
of V[G] with M ⊆ V. In V[G], every set contained in the class SM,κ

n is κ-Baire
measurable for every n < ω.

The following corollary is a direct consequence of the combination of the above
result and Theorem 1.8.

Corollary 1.17. Let κ be an uncountable cardinal with κ = κ<κ and let G be
Col(κ,<λ)-generic over V for some inaccessible cardinal λ > κ. In V[G], there is
a set which is an element of the class Iκ and is not contained in the class SL,κ

n for
any n < ω. �

1.4. The class Cκ,µ of continuous images of κµ. We will consider images of
continuous functions f : κµ→ κκ for an arbitrary cardinal µ.

Let us first consider the case where µ is a cardinal with 1 < µ < κ. If κ is not
weakly compact, then the spaces κµ and κκ are homeomorphic by [HN73]. Hence
we may assume that κ is weakly compact. Then the class Cκ,µcl images of closed
subsets of κµ under continuous functions f : κµ −→ κκ consists of closed subsets
and its elements are exactly the sets of the form [T ], where T is a subtree of <κκ
with the property that the α-th level T (α) has cardinality less than κ for every
α < κ. Theorem 1.5 shows that the class Cκ,µ of images of κµ under continuous
functions f : κµ −→ κκ is a proper subclass of Cκ,µcl in this case. The images of κµ
under injective continuous functions f : κµ −→ κκ are exactly the sets of the form
[T ], where T is a perfect subtree of <κκ×<κκ with the property that the level T (α)
has size less than κ for every α < κ.2

Next, we consider cardinals µ > κ. We will later show (see Lemma 6.1) that
the closed set constructed in the proof of Theorem 1.5 is equal to an continuous

2A subtree T of <κκ× <κκ is perfect if it is <κ-closed and its splitting nodes are cofinal.



CONTINUOUS IMAGES OF CLOSED SETS IN GENERALIZED BAIRE SPACES 9

image of κ(κ+). Since every subset of κκ is obviously equal to a continuous image
of κ(2κ), this implies that

c(κ) = min{µ ∈ On | Every closed subset of κκ is an element of Cκ,µ} (2)

is a well-defined cardinal characteristic of every uncountable cardinal κ with κ =
κ<κ. By Theorem 1.5 and the above remark, we have κ < c(κ) ≤ 2κ. In Section
6 and 7 we will prove the following result that shows that we can manipulate the
value of this cardinal characteristic by forcing.

Theorem 1.18. Let κ be an uncountable cardinal with κ = κ<κ, µ ≥ 2κ be a
cardinal with µ = µκ and θ ≥ µ be a cardinal with θ = θκ. Then the following
statements hold in a cofinality preserving forcing extension V[G] of the ground model
V.

(i) 2κ = θ.
(ii) Every closed subset of κµ is equal to an continuous image of κµ.
(iii) There is a closed subset A of κκ that is not equal to an continuous image

of κµ̄ for some µ̄ < µ with µ̄<κ < µ.

In particular, this results shows that the classes Cκ,µ and Cκ,µcl can coincide for
some κ < µ < 2κ (see Lemma 6.2), but this statement does not follow from the
axioms of ZFC. The following result will be one of the key ingredients in the proof
of Theorem 1.18.

Theorem 1.19. Let c be Add(ω, 1)-generic over V. In V[c], if κ is an uncountable
regular cardinal, then there is a closed subset A of κκ such that A is not a continuous
image of κµ for every cardinal µ with µ<κ < 2κ.

Given a cardinal µ, we next consider the class Cκ,µcl consisting of all continuous
images of closed subsets of κµ. This class contains all Σ1

1-subsets. We will discuss
results showing that these classes can consistently be equal. Given x ∈ κµ and
α < κ, we let (x)α denote the element of κµ defined by (x)α(β) = x(≺α, β�) for
all β < κ.

Proposition 1.20. Let κ be an uncountable regular cardinal and µ be a cardinal
with µ = µ<κ < 2κ. Assume that every subset of κκ of cardinality µ is a Σ1

1-subset.
Then every set in Cκ,µcl is a Σ1

1-subset.

Proof. Let A be a closed subset of κµ and f : A −→ κκ be a continuous function.
Then the graph of f is a closed subset of <κµ × <κκ and ran(f) = p[T ] for some
subtree T of <κκ × <κµ. Fix a family 〈yt | t ∈ <κµ〉 of pairwise distinct elements
of κκ. Our assumption implies that the sets

A = {(x, yt) ∈ κκ× κκ | t ∈ <κµ, (x � lh(t), t) ∈ T, supp(x) ⊆ lh(t)}

and B = {(ys, yt) | s, t ∈ <κµ, s ( t} are Σ1
1-subsets of κκ. Then

x ∈ ran(f) ⇐⇒ ∃y [∀α < β < κ ((y)α, (y)β) ∈ B
∧ ∀α < β ∃(x̄, ȳ) ∈ A [x � α = x̄ � α ∧ (y)α = ȳ]]

and this equivalence shows that ran(f) is definable in (H(κ+),∈) by a Σ1-formula
with parameters. By the above remarks, this shows that ran(f) is a Σ1

1-subset of
κκ. �
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We show that the above assumption holds in the canonical forcing extension
of L that is a model of Baumgartner’s axiom BA(κ), i.e. that is a model of the
statement that for every κ-centered, <κ-closed, well-met partial order P and every
collection D of κ+-many dense subsets of P, there is a D-generic filter for P (see
[Bau83, Section 4]). Note that the canonical partial order that forces BA(κ) for
some uncountable cardinal κ with κ = κ<κ is <κ-closed and satisfies the κ+-chain
condition. The following proof is a direct generalization of the arguments of [MS70,
Section 3.2] to higher cardinalities.

Theorem 1.21. Let κ be an uncountable cardinal with κ = κ<κ and κ+ = (κ+)L.
Assume that BA(κ) holds. Then every subset of κκ of cardinality κ+ is contained

in the class SL,κ
1 . In particular, every such set is a Σ1

1-subset.

Proof. Fix a subset A = {yγ | γ < κ+} of κκ of cardinality κ+. Then there is a
subset W = {xγ | γ < κ+} ∈ L such that

(xγ)α = (xδ)β ⇐⇒ α = β ∧ γ = δ

holds for all α, β < κ and γ, δ < κ+ and W is definable in (Lκ+ ,∈) by a Σ1-formula.
Hence W is a Σ1

1-subset of κκ. Define

B = {(xγ)≺α,yγ(α)� | α < κ, γ < κ+} ⊆ L.

Let Q(B) denote the corresponding generalization of the almost disjoint cod-
ing forcing to cardinality κ (see, for example, [Lüc12, Section 4]). Since Q(B)
is κ-centered, <κ-closed and well-met, the axiom BA(κ) implies that there is an
enumeration 〈sα | α < κ〉 and a function c ∈ κ2 such that the equation

z ∈ B ⇐⇒ ∃α < κ ∀α ≤ β < κ [sβ ⊆ z −→ c(β) = 1]

holds for every z ∈ (κκ)L. Since

y ∈ A ⇐⇒ ∃x ∈ B ∀α, β < κ [y(α) = β ←→ (y)≺α,β� ∈ B]

holds for every y ∈ κκ and the sets W is Σ1
1-definable, this construction yields the

Σ1
1-definability of A. �

Conversely, it is also consistent that the GCH fails at κ and Cκ,κ
+

cl is not a
subclass of Σ1

1(κ).

Proposition 1.22. Let κ an uncountable regular cardinal, θ > κ be an inaccessible
cardinal and G∗H be (Col(κ,<θ)∗Add(κ̌, κ̌++))-generic over V. In V[G,H], there
is a continuous image of κ(κ+) that is not a Σ1

1-subset of κκ.

Proof. By [Lüc12, Proposition 9.9], every Σ1
1-subset of κκ in V[G,H] of cardinality

greater than κ has cardinality at least κ++. Since every subset of κκ of cardinality
κ+ is a continuous image of κ(κ+), the above statement follows directly. �

2. Thin sets

From now on, unless otherwise noted, we let κ denote an uncountable cardinal
with κ = κ<κ. The goal of this section is to show that there is a closed subset of
κκ that is not contained in the class Cκ.

Definition 2.1. Let µ ≤ κ be a cardinal. A set A ⊆ κκ is µ-thin if A 6= p[T ] for
every <µ-closed subtree T of <κκ× <κκ without end nodes.
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We will construct a κ-thin closed subset of κκ. In the the following, we call a
subset D of <κµ0 × <κµ1 a <κ-closed subset of the tree <κµ0 × <κµ1 if D consists
of pairs of functions of equal length. Given such a subset D, we define p[D] to be
the set of all x ∈ κµ0 such that the set {α < κ | (x � α, y � α) ∈ D} is unbounded
in κ for some y ∈ κµ1.

Lemma 2.2. Let µ and λ be cardinals with µ = µ<κ and λ = λ<κ. Suppose
that f : κλ −→ κµ is continuous. Then there is a <κ-closed subset D of the tree
<κµ× <κλ without end nodes such that p[D] = ran(f).

Proof. We define

D = {(s, t) ∈ γλ× γµ | γ < κ, f [Ns] ⊆ Nt}.

Note that D is <κ-closed.

Claim. For all x ∈ κλ, s0 ⊆ x, and t0 ⊆ f(x), there are γ < κ and (s, t) ∈ D with
s0 ⊆ s ⊆ x and t0 ⊆ t ⊆ f(x).

Proof of the Claim. We construct strictly increasing sequences 〈sn ∈ <κλ | n < ω〉
and 〈tn ∈ <κµ | n < ω〉 with f [Nsn ] ⊆ Ntn and |tn+1| ≥ |sn+1| ≥ |tn| for all n < ω,
using the continuity of f . Let (s, t) = (

⋃
n∈ω sn,

⋃
n∈ω tn) ∈ D. �

It follows that D has no end nodes and that (x, f(x)) ∈ [D] for all x ∈ κµ.

Claim. [D] = {(x, f(x)) | x ∈ κλ}.

Proof of the Claim. Suppose that (x, y) ∈ [D] and that f(x) 6= y. Let t ∈ <κλ with
y ∈ Nt and f(x) /∈ Nt. Find (u, v) ∈ D with u ⊆ x, v ⊆ y, and |v| ≥ |t|. Then t ⊆ v
and f(x) ∈ f [Nu] ⊆ Nv ⊆ Nt, contradicting the assumption that f(x) /∈ Nt. �

This shows p[D] = ran(f), completing the proof of the lemma. �

Lemma 2.3. Suppose that λ ≤ µ are cardinals with µ = µ<κ. Suppose that D
is a <κ-closed subset of the tree <κλ × <κµ without end nodes. Then there is a
<κ-closed subtree T of <κλ× <κµ without end nodes such that p[D] = p[T ].

Proof. Let 〈dα | α < µ〉 be an (not necessarily injective) enumeration of D. Let T
denote the subtree of <κκ×<κκ×<κµ consisting of all (s, t, u) ∈ γκ× γκ× γµ such
that γ < κ and the following statements hold.

• 〈du(α) | α < γ〉 is a weakly increasing sequence in D.
• (s � α, t � α) is a node equal to or below u(α) in T for all α < γ.

Claim. T is <κ-closed. �

Claim. T has no end nodes.

Proof of the Claim. Suppose that (s, t, u) ∈ T has length γ < κ. Since D is <κ-
closed and has no end nodes, there is a β < µ such that dβ has length greater than
γ and du(α) is below dβ in T for every α < γ. Then (s, t) = (

⋃
α<γ s � α, t � α)

is also a node below dβ in T . Let (s∗, t∗) be the unique predecessor of d in T of
length γ + 1 and define u∗ : γ + 1 −→ κ by u∗ � γ = u � γ and u∗(γ) = β. Then
(s∗, t∗, u∗) ∈ T . �

Since p[D] = p[T ] this completes the proof of the lemma. �
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In the following, we construct a κ-thin closed subset of κκ. Let≺α, β� denote the
Gödel pair of α, β ∈ On. Given γ ≤ κ closed under Gödel pairing and s : γ −→ 2,
we define

Rs = {(α, β) ∈ γ × γ | s(≺α, β�) = 1}.
Set

W = {x ∈ κ2 | (κ,Rx) is a well-order} (3)

Then W is a closed subset of κκ with W = [S], where S = {x � α | x ∈W, α < κ}.
Given x ∈ W and α < κ, let rnkx(α) denote the rank of α in (κ,Rx). In the
following, we write α <x β instead of (α, β) ∈ Rx.

Lemma 2.4. There is no ω-closed tree T on κ × κ with cofinal branches through
all its nodes and W = p[T ].

Proof. Assume, towards a contradiction, that T is such a tree. Given (s, t) ∈ T and
α < κ+, we define

Ts,t = {(u, v) ∈ T | (s ⊆ u ∨ u ⊆ s) ∧ (t ⊆ v ∨ v ⊆ t)}

to be subtree of T induced by the node (s, t) and

r(s, t, α) = sup{rnkx(α) | x ∈ p[Ts,t]} ≤ κ+

to be the supremum of the ranks of α in (κ,Rx) with x ∈ p[Ts,t]. Then we have
r(∅, ∅, α) = κ+ for all α < κ.

Claim. Let (s, t) ∈ T and α < κ with r(s, t, α) = κ+. If γ < κ+, then there
is (u, v) ∈ T extending (s, t) and β < κ such that dom(u) is closed under Gödel
pairing, α < β < lh(u), β <u α, and r(u, v, β) ≥ γ.

Proof of the Claim. The assumption r(s, t, α) = κ+ allows us to find (x, y) ∈ [T ]
with s ⊆ x, t ⊆ y and rnkx(α) ≥ γ+κ. This implies that there is a β with α < β < κ
and γ ≤ rnkx(β) < γ+κ. Pick δ > max{α, β, lh(s)} closed under Gödel pairing and
define (u, v) to be the node (x � δ, y � δ) extending (s, t). Since Ru is a well-ordering
of lh(u), we have β <u α. Finally, (x, y) witnesses that r(u, v, β) ≥ γ. �

Claim. If (s, t) ∈ T and α < κ with r(s, t, α) = κ+, then there is a node (u, v) in
T extending (s, t) and α < β < lh(u) such that lh(u) is closed under Gödel pairing,
β <u α and r(u, v, β) = κ+.

Proof of the Claim. Given γ < κ+, let (uγ , vγ) ∈ T and a βγ < κ denote the objects
obtained by an application of the previous claim. Then we can find (u, v) ∈ T , β < κ

and S ∈ [κ+]κ
+

such that (u, v) = (uγ , vγ) and β = βγ for every γ ∈ S. This implies
that r(u, v, β) = κ+. �

These claims imply that there are strictly increasing sequences 〈(sn, tn) | n < ω〉
of nodes in T and 〈βn | n < ω〉 of elements of κ such that lh(sn) is closed under Gödel
pairing and βn+1 <sn+1 βn for all n < ω. Let s =

⋃
n<ω sn and t =

⋃
n<ω tn. Then

lh(s) is closed under Gödel pairing andRs is ill-founded, hence s /∈ S. But (s, t) ∈ T ,
since T is ω-closed. By our assumptions on T , there is a cofinal branch (x, y) in [T ]
through (s, t) and this implies that s = x � lh(s) ∈ S, a contradiction. �

In particular, the closed subset W is not κ-thin.
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Proof of Theorem 1.5. Let κ be an uncountable cardinal with κ = κ<κ and let W
be the closed subset of κκ defined in (3). Assume, towards a contradiction, that
there is a continuous function f : κκ −→ κκ with W = ran(f). By Lemma 2.2
and 2.3, there is a <κ-closed subtree T of <κκ× <κκ without end nodes such that
W = p[T ]. This contradicts Lemma 2.4. �

We cannot omit the assumption on the existence of cofinal branches through T
in Lemma 2.4 by the following remark.

Remark 2.5. Suppose that µ < κ. Then every closed subset of κκ is the projection
of a <µ-closed tree without end nodes.

Proof. Suppose that S ⊆ <κκ is a tree. We add a fully branching binary tree of
height µ at each node t in the boundary of S, i.e. such that t is minimal with t /∈ S.
This is a <µ-closed tree T without end nodes and [S] = [T ]. �

3. Injective images of κκ

We now turn to the class Iκ of images of κκ under continuous injective maps.
Note that there are κ-Borel subset of κκ that are not contained in Iκ, because every
set in Iκ has no isolated points.

Before we prove the more general results about this class mentioned in the In-
troduction (Theorem 1.8 and Corollary 1.9), we motivate their proofs by showing
that, under certain cardinal arithmetic assumptions on κ, well-known combinatorial
objects provide an example of a set in the class Iκ that is not κ-Baire measurable
and therefore not a κ-Borel subset. This set will consists of the trivial ν-coherent
sequences C-sequences in the case where κ = ν+ = 2ν with ν regular.

Definition 3.1. Let ν be an infinite regular cardinal.

(i) Given γ ∈ On, a sequence 〈Cα | α < γ〉 is a C-sequence if the following
statements hold for all α < γ.
• If α is a limit ordinal, then Cα is a closed unbounded subset of α.
• If α = ᾱ+ 1, then Cα = {ᾱ}.

(ii) A C-sequence 〈Cα | α < γ〉 with γ ∈ Lim is trivial if there is a a closed
unbounded subset C of γ such that for every α < γ there is a α ≤ β < γ
with C ∩ α ⊆ Cβ .

(iii) A C-sequence 〈Cα | α < γ〉 is ν-coherent if Cα = Cβ ∩α for all β < γ and
α ∈ Lim(Cβ) with cof(α) = ν.

It is easy to see that ν-coherent C-sequences are also coherent with respect to
every regular cardinal greater than ν. This shows that ω-coherent C-sequences are
square sequences (in the sense of [Tod07, Definition 7.1.1]).

Proposition 3.2. Let ν is an infinite regular cardinal, λ be a limit ordinal with

cof(λ) > ν, ~C = 〈Cα | α < λ〉 be a ν-coherent C-sequence and Cλ is a closed

unbounded subset of λ. Then Cλ witnesses that ~C is trivial if and only if Cλ is a

ν-thread through ~C, i.e. the sequence 〈Cα | α ≤ λ〉 is also a ν-coherent C-sequence.

Proof. Assume that Cλ witnesses that ~C is trivial. Pick α ∈ Lim(Cλ) with cof(α) =
ν. Then there is a α ≤ β < λ with Cλ ∩ α ⊆ Cβ and therefore α ∈ Lim(Cβ). This

implies Cα = Cβ ∩ α = Cλ ∩ α. Hence Cλ is a ν-thread through ~C. In the other

direction, assume that Cλ is a ν-thread through ~C. If α < λ and β is the minimal
limit point of Cλ of cofinality ν above α. Then Cλ ∩ α ⊆ Cλ ∩ β = Cβ . �
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In the following, we assume that κ = ν+ = 2ν for some regular cardinal ν.
Let Coh(κ, ν) denote the set of all ν-coherent C-sequences of length κ. We equip
Coh(κ, ν) with the topology whose basic open sets consist of all extensions of ν-
coherent C-sequences of length less than κ.

Proposition 3.3. The space Coh(κ, ν) is homeomorphic to κκ.

Proof. We will represent Coh(κ, ν) as the set of branches of a tree T isomorphic to
<κκ. Define T to be the tree consisting of all ν-coherent C-sequences 〈Cα | α < γ〉
such that either γ < κ is a limit of ordinals of cofinality ν or γ = γ̄ + 1 < κ and γ̄
is a limit ordinal of cofinality ν that is not a limit of ordinals of cofinality ν. We
first show that T is κ-branching.

Claim. Suppose that ~C is a µ-coherent C-sequence of length γ < κ and that δ is
the least ordinal of cofinality ν greater than γ. Then there are κ-many sequences in

T of length δ + 1 that extend ~C.

Proof of the Claim. Since there are κ-many closed unbounded subsets of δ of order-
type ν, there are also κ-many sequences 〈Cα | α ∈ Lim ∩ [γ, δ]〉 with the property
that Cα is a closed unbounded subset of α of order-type at most ν for every limit
ordinal in the interval [γ, δ]. Since every such sequence determines an extension of
~C in T , this completes the proof of the proposition. �

Since the tree T is closed under increasing unions of size <κ, the above claim
implies that the trees T and <κκ are isomorphic. Since the collection of all subsets
of Coh(κ, ν) consisting of sets of all extensions of a given element of T forms a basis
of the topology on this space, this yields the statement of the proposition. �

In the following, we will always identify the space Coh(κ, ν) with κκ.

Theorem 3.4. Suppose that ν is an infinite regular cardinal and κ = ν+ = 2ν .
Let Triv(κ, ν) denote the subset of Coh(κ, ν) consisting of all trivial ν-coherent C-
sequences.

(i) Triv(κ, ν) is a continuous injective image of κκ.
(ii) Triv(κ, ν) is not κ-Baire measurable.

Proof. Define Thr (κ, ν) to be the set of all pairs ( ~C,C) such that ~C is an element

of Coh(κ, ν) and C is a ν-thread through ~C. Then Triv(κ, ν) = p[Thr (κ, ν)], where
p : Thr (κ, ν) −→ Coh(κ, ν) is the projection onto the first coordinate.

Let S be the tree consisting of all pairs ( ~D,D) such that ~D is a µ-coherent C-

sequence of length γ ∈ Lim ∩ κ and D is a thread through ~D. Given ( ~D,D) in S,

the set D is unbounded in the length of ~D and this allows us to identify Thr (κ, ν)
with the set of all cofinal branches through S and equip Thr (κ, ν) with the topology
whose basic open sets consist of all extensions of elements of S.

Claim. The space Thr (κ, ν) is homeomorphic to κκ.

Proof of the Claim. By the above remarks, it again suffices to show that the tree
S is isomorphic to <κκ. Since S is also <κ-closed, we have to show that every
node in S has κ-many direct successors. Fix such a pair (〈Dα | α < γ〉, Dγ) ∈ S.

Then the sequence ~D∗ = 〈Dα | α ≤ γ〉 is also a µ-coherent C-sequence. Given
an ordinal γ < δ < κ of countable cofinality, there is a µ-coherent C-sequence
~Dδ = 〈Dδ

α | α < δ〉 extending ~D∗ such that otp
(
Dδ
α

)
≤ µ for every γ < α < δ.
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If Dδ is a closed unbounded subset of δ with γ ∈ Dδ ⊆ δ \ γ and otp
(
Dδ
)

= ω,

then the pair ( ~Dδ, Dγ ∪Dδ) is a direct successor of ~D in S. Since there are κ-many
ordinals δ with these properties, this completes the proof of the claim. �

We now show that Triv(κ, ν) is an element of Iκ.

Claim. The projection p : Thr (κ, ν) −→ Coh(κ, ν) is injective.

Proof of the Claim. Suppose there is a sequence ~C in Coh(κ, ν) and closed un-

bounded subsets C and D of κ such that (~C,C), (~C,D) ∈ Thr (κ, ν). Then there
are arbitrarily large α < κ with cof(α) = µ and C ∩ α = Cα = D ∩ α. This implies
C = D. �

Claim. The projection p : The(κ, ν) −→ Coh(κ, ν) is continuous.

Proof of the Claim. Let (~C,C) ∈ Thr (κ, ν) and α < κ. Let γ be a limit point of

C above α. Then the pair (~C � γ,C ∩ γ) is an element of S and the projection of

every extension of this pair in Thr (κ, ν) is an extension of ~C � α in Coh(κ, ν). �

It remains to show that the set Triv(κ, ν) is not κ-Baire measurable.

Claim. The set Triv(κ, ν) is not κ-Baire measurable in Coh(κ, ν).

Proof. We first argue that Triv(κ, ν) is not comeager in any non-empty open set,
i.e. if U is an nonempty open subset of Coh(κ, ν) and 〈Uα | α < κ〉 is a sequence

of dense open subsets of U , then there is a ~C ∈
⋂
α<κ Uα that is not an element of

Triv(κ, ν). Let ~C0 be a µ-coherent C-sequence of length γ0 < κ and 〈Uα | α < κ〉
be a sequence of dense open subsets of the set N~C0

of all extensions of ~C0. In this

situation, we can construct a sequence ~C = 〈Cα | α < κ〉 and a strictly increasing
continuous sequence 〈γα | α < κ〉 of ordinals less than κ such that the following
statements hold for every α < κ.

(i) 〈Cβ | β < γα〉 is a µ-coherent C-sequence extending ~C0.
(ii) N〈Cβ | β<γα+1〉 is a subset of Uα.
(iii) otp (Cγα) ≤ ν.

Then ~C is a µ-coherent C-sequence that is contained in
⋂
α<κ Uα. Moreover, our

construction ensures that otp (Cα) ≤ µ holds for every element γ of the closed

unbounded subset {γα | α < κ} of κ. Assume, towards a contradiction, that ~C is
trivial and let D be a closed unbounded subset of κ witnessing this. Then there
are limit points γ < δ of C ∩D of cofinality µ. By Proposition 3.2, we have

µ = otp (Cγ) = otp (D ∩ γ) < otp (D ∩ δ) = otp (Cδ) = µ,

a contradiction. This shows that Triv(κ, ν) is not comeager in any open set.
To see that the complement of Triv(κ, ν) is not comeager in any non-empty

open set, pick ~C0 and 〈Uα | α < κ〉 as above. Again, we construct a sequence
~C = 〈Cα | α < κ〉 and a strictly increasing continuous sequence 〈γα | α < κ〉 of
ordinals less than κ that satisfy the first two of the above statements and the
following statement for every α ∈ Lim ∩ κ.

(iii)
′
Cγα = {γᾱ | ᾱ < α}.
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If we define C = {γα | α < κ}, then the pair (~C,C) is an element of Thr (κ, ν) with
~C ∈

⋂
α<κ Uα. Hence the complement of Triv(κ, ν) is not comeager in any open

set.
Now assume, towards a contradiction, that there is an open subset U of Coh(κ, ν)

and a sequence 〈Nα | α < κ〉 of closed nowhere dense subsets of Coh(κ, ν) such
that Triv(κ, ν)∆U ⊆

⋃
α<κNα. Then U contains a basic open set N~C0

, because

the complement of Triv(κ, ν) is not comeager in Coh(κ, ν). Since Triv(κ, ν) is not

comeager in N~C0
, there is a ~C ∈ N~C0

\ Triv(κ, ν) such that such that ~C /∈ Nα for
all α < κ, a contradiction. �

This completes the proof of the theorem. �

Corollary 3.5. Let G be Add(κ, κ+)-generic over V. In V [G], the set Triv(κ, ν)
of trivial µ-coherent C-sequences is not a ∆1

1-subset of Coh(κ, ν).

Proof. This follows from the previous theorem and the fact that ∆1
1-subsets of κκ

are κ-Baire measurable in every Add(κ, κ+)-generic extension of the ground model
(see [FHK, Theorem 49]). �

Proof of Theorem 1.10. Let ν be an infinite regular cardinal with ν = ν<ν and
κ = ν+ = 2ν . Assume that every κ-Aronszajn tree that does not contain a κ-
Souslin subtree is special. By Theorem 3.4, it suffices to show the set Triv(κ, ν) is
a ∆1

1-subset of Coh(κ, ν) to prove the existence of a ∆1
1-subset of κκ that is not

κ-Baire measurable.
We associate to every C-sequence ~C = 〈Cα | α < κ〉 a tree (κ,<

~C
ν ) defined by

α <
~C
ν β ⇐⇒ α ∈ Lim(Cβ) ∧ cof(α) = ν.

Claim. Let ~C ∈ Coh(κ, ν). Then ~C is trivial if and only if there is a κ-branch

through the tree (κ,<
~C
ν ).

Proof of the Claim. Let B ⊆ κ be a κ-branch through the tree (κ,<
~C
ν ) and set

C =
⋃
{Cα | α ∈ B}. Then C ∩ α = Cα for every α ∈ B and this shows that C

is a closed unbounded subset of κ. Since B is a branch, we can conclude that B
is equal to the set of all limit points of C of cofinality ν. This shows that C is a

ν-thread through ~C.

In the other direction, let C be a ν-thread through ~C and define B to be the
set of all limit points of C of cofinality ν. It follows directly that B is a κ-branch

through the tree (κ,<
~C
ν ). �

In the following, we say that a C-sequence ~C is ν-special if the corresponding

tree (κ,<
~C
ν ) is special. Since special trees have no cofinal branches, the following

statement is a direct consequence of the above claim.

Claim. Let ~C ∈ Coh(κ, ν). If ~C is ν-special, then ~C is not trivial. �

We now want to use the above assumption to conclude that the converse of the

above implication also holds. Since trees of the form (κ,<
~C
ν ) might have levels of

cardinality κ, we have to associate a κ-Aronszajn tree to a given C-sequence and
apply our assumption to these trees. We will use Todorčević’s method of minimal
walks to obtain those trees.
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Fix a non-trivial µ-coherent C-sequence ~C = 〈Cα | α < κ〉. Let T (ρ0) denote

the tree obtained from the full codes of walks through ~C (see [Tod87, Section 1]).
Then T (ρ0) is a tree of height κ. By [Tod87, 1.7], the tree T (ρ0) has a κ-branch
if and only if there is a closed unbounded subset C of κ and ξ < κ such that for
every ξ ≤ α < κ there is a α ≤ β < κ with C ∩ α = Cβ ∩ [ξ, α). By considering
limit points of such a club of cofinality ν, we can conclude that the existence of

such a subset would imply that ~C is trivial. Hence there are no κ-branches through
T (ρ0). Next, [Tod87, 1.3] shows that the α-th level of T (ρ0) has cardinality at

most |{Cβ ∩ α | α ≤ β < κ}| + ℵ0 for every α < κ. The ν-coherency of ~C and
the assumption ν = ν<ν allow us to inductively show that this cardinality is at
most ν for all α < κ. This shows that T (ρ0) is a κ-Aronszajn tree. Since [Tod07,
Corollary 6.3.3] says that trees of the form T (ρ0) do not contain κ-Souslin subtrees,
our assumption implies that the tree T (ρ0) is special. The obvious adaptation of
the argument of the proof of [Tod07, Lemma 7.1.7] shows that there is a strictly

increasing mapping of (κ,<
~C
ν ) into T (ρ0) and we can conclude that ~C is ν-special.

We summarize the above computations in the following claim.

Claim. Let ~C ∈ Coh(κ, ν). Then ~C is ν-special if and only if ~C is not trivial. �

By considering the tree consisting of all pairs ( ~D, s) such that ~D = 〈Dα | α < γ〉
is a µ-coherent C-sequences of length γ < κ and s : γ −→ ν is a function with
s(α) 6= s(β) for all β < γ and α ∈ Lim(Cβ) with cof(α) = ν, it is easy to see that
the set of all ν-special µ-coherent C-sequences is a Σ1

1-subset of Coh(κ, ν). By the
above claim, we can conclude that Triv(κ, ν) is a ∆1

1-subset of Coh(κ, ν). �

In the remainder of this section, we let κ denote an uncountable cardinal with
κ = κ<κ. In order to prove the more general Theorem 1.8, we will construct subsets
of κκ with the following property.

Definition 3.6. We call a subset A of κκ super-dense if A ∩ (
⋂
α<κ Uα) 6= ∅

whenever 〈Uα | α < κ〉 is a sequence of dense open subsets of some non-empty open
subset of κκ.

The following statement was essentially shown in the proof of Theorem 3.4.

Proposition 3.7. Assume that A and B are disjoint super-dense subsets of κκ. If
A ⊆ X ⊆ κκ \B, then X is not κ-Baire measurable. �

Proof of Theorem 1.8. Suppose that f : <κκ× <κκ −→ {2 · α | α < κ} is an injec-
tion. Fix a stationary subset S of κ and let χS : κ −→ 2 denote its characteristic
function. Let AS denote the set of all pairs (x, y) ∈ κκ × κκ such that the set
C = {α < κ | x(α) = y(α)} is a club in κ and

x(α) = f(x � α, y � α) + χS(α)

for all α ∈ C. Define TS be the tree consisting of all pairs (s, t) ∈ γκ× γκ such that
γ ∈ Lim ∩ κ, D = {α < γ | s(α) = t(α)} is a club in γ and

s(α) = f(s � α, t � α) + χS(α)

for all α ∈ D. We equip AS with the topology whose basic open sets are of the
form {(x, y) ∈ A | s ⊆ x, t ⊆ y} with (s, t) ∈ TS .

Claim. The space AS is homeomorphic to κκ.
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Proof of the Claim. Since we can identify AS with the set of all cofinal branches
through the tree TS , it suffices to show that the trees TS and <κκ are isomorphic.
Given (s, t) ∈ TS and γ ≥ lh(s), we can inductively construct an element (s∗, t∗) in
TS extending (s, t) such that lh(s) ≥ γ and s∗(α) 6= t∗(α) for all α ∈ [lh(s), γ). This
shows that every node in TS has κ-many direct successors. Since TS is <κ-closed,
it follows that the trees TS and <κκ are isomorphic. �

Let p : AS −→ κκ be the projection onto the first coordinate. Define AS = p[AS ].

Claim. The projection p : AS −→ κκ is continuous. �

Claim. The projection p : AS −→ κκ is injective.

Proof of the Claim. Suppose that (x, y), (x, y′) ∈ AS . Let C and C ′ be the corre-
sponding club subsets of κ. Fix α ∈ C ∩ C ′. Then

f(x � α, y � α) + χS(α) = x(α) = f(x � α, y′ � α) + χS(α).

Since f is injective, we have y � α = y′ � α for arbitrarily large α < κ. �

The above claims show that all sets of the form AS are contained in the class
Iκ. The next claim implies that disjoint sets of the form AS and AS′ cannot be
separated by a κ-Baire measurable set.

Claim. The set AS is super-dense.

Proof of the Claim. Let 〈Uα | α < κ〉 be a sequence of dense open subsets of some
basic open subset Ns0 of κκ. Let γ0 = lh(s0) and define t0 ∈ γ0κ by setting
t0(α) = s0(α) + 1 for all α < γ0. Now we can construct a strictly increasing
continuous sequence 〈γα | α < κ〉 and a sequence 〈(sα, tα) ∈ γακ× γακ | α < κ〉
such that the following statements hold for all α < κ.

(i) If ᾱ < α, then sᾱ = sα � γᾱ and tᾱ = tα � γᾱ.
(ii) sα+1(γα) = tα+1(γα) = f(sα, tα) + χS(α).
(iii) Nsα+1

⊆ Uα.
(iv) tα+1(β) = sα+1(β) + 1 for all β with γα < β < γα+1.

If x =
⋃
α<κ sα, then x ∈ AS ∩ (

⋂
α<κ Uα). �

It remains to construct 2κ-many pairwise disjoint sets of the form AS . Let
〈Sα | α < κ〉 be a partition of κ into κ-many stationary subsets. Given ∅ 6= X ⊆ κ,
define SX =

⋃
α∈X Sα. Then SX∆SY is stationary for all ∅ 6= X,Y ⊆ κ with

X 6= Y and the above statement follows from the following claim.

Claim. Let S and S′ be stationary subsets of κ. If S∆S
′ is stationary in κ, then

the subsets AS and AS′ are disjoint.

Proof of the Claim. Suppose that (x, y) ∈ AS and (x, y′) ∈ AS′ . Let C and C ′ be
the corresponding clubs. Pick α ∈ (C ∩ C ′ ∩ (S∆S

′). Then

f(x � α, y � α) + χS(α) = x(α) = f(x � α, y � α) + χS′(α).

But this is a contradiction, because the ordinals f(x � α, y � α) and f(x � α, y � α)
are both even and χS(α) + χS′(α) = 1. �

This completes the proof of the theorem. �



CONTINUOUS IMAGES OF CLOSED SETS IN GENERALIZED BAIRE SPACES 19

4. Continuous injective images of closed sets

In this section, we consider images of injective continuous functions f : A −→ κκ
for some closed subset A of κκ. We start by proving Theorem 1.12.

Proof of Theorem 1.12. Suppose that ϕ(u, v) is a Σ1-formula, z ∈ κκ and A is the
set of all x ∈ κκ with L[x, z] |= ϕ(x, z). In the following, we will code models
of the form (Lγ [x],∈) by some (not unique) y ∈ κκ with the help of bijections
f : Lγ [x] −→ κ with f [κ] = {2 · α | α < κ}, so that we can easily calculate from x
and y whether x is an element of M .

Let C denote the set of triples (x, y, 〈yn | n ∈ ω〉) ∈ κκ × κκ × ω(κκ) such that
each yn codes a minimal well-founded model Mn of Kripke-Platek set theory KP
and “V = L[x, z] ” such that the following statements hold for all n < ω.

• If i < n, then x, y, yi, z ∈Mn.
• M0 |= “y is <L[x,z]-least element of κκ with ϕ(x, y)”.
• If n = k + 1, then Mk+1 |= “yk is the <L[x,z]-least code for Mk ”.

The set C is κ-Borel, since the conjunction of Mn |= KP+“V = L[x, z] ” and the
remaining conditions is equivalent to an arithmetic sentence about the elements x,
y, 〈yn | n < ω〉 and z. Then C is an element of the class Iκcl by the Lemma 1.11.
We have A = p0[C], where

p0 : κκ× κκ× ω(κκ) −→ κκ; (x, y, 〈yn | n < ω〉) 7−→ x.

Moreover p0 � C is injective, since every x ∈ p[C] uniquely determines an element
(x, y, 〈yn | n < ω〉) of C. �

The next observation will allow us to simplify the following proofs.

Proposition 4.1. Let A be an element of the class Iκcl. Then there is a subtree T
of <κκ× <κκ such that A = p[T ] and the projection p : [T ] −→ A is injective.

Proof. Let T0 be a subtree of <κκ and f : [T0] −→ A be a continuous bijection.
Define T to consist of all pairs (s,~t ) such that s ∈ <κκ, ~t is a strictly increasing
sequence of length lh(s) in T0 and f [Tt(α)] ⊆ Ns�(α+1) holds for all α ≤ lh(s).

Pick y ∈ A and let x denote the unique element of [T0] with f(x) = y. We can
construct a strictly increasing sequence 〈βα | α < κ〉 of ordinals less than κ such
that f [Tx�βα ] ⊆ Ny�(α+1) holds for all α < κ. Then the pair (y, 〈x � βα | α < κ〉)
is a κ-branch through T . In the other direction, if (y, z) is an element of [T ], then
x =

⋃
α<κ z(α) is the unique element of [T0] with f(x) = y. �

Lemma 4.2. The class Iκcl is closed under continuous preimages.

Proof. Let T be a subtree of <κκ× <κκ with p � [T ] injective and f : κκ −→ κκ be
continuous. Set B = p[T ] and A = f−1[B]. Define

C = {(x, y, z) | (x, y) ∈ Graph(f), (y, z) ∈ [T ]}.

Then A = p[C], C is closed and p � C is injective. �

Remark 4.3. The class Iκ of injective continuous images of κκ is not closed under
continuous preimages, because it contains no singletons.

Next we prove Theorem 1.15 that allows us to construct models that separate
the class Iκcl from Σ1

1(κ).
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Proof of Theorem 1.15. Let λ > κ be an inaccessible and G be Col(κ,<λ)-generic
over V. Assume, towards a contradiction, that there is a subtree T ∈ V[G] of
<κκ×<κκ such that Clubκ = p[T ] and p � [T ] is injective in V[G]. We may assume
that T is an element of V by passing to a suitable intermediate model.

Work in V. Let Q̇ denote the canonical Add(κ, 1)-name for the partial order
that shoots a club through the Add(κ, 1)-generic subset of κ by initial segments. It

is easy to see that both Add(κ, 1) ∗ Q̇ and Add(κ, 1) ∗ (Q̇ × Q̇) contain <κ-closed
dense subsets and hence these partial orders are forcing equivalent to Add(κ, 1).

Suppose that g is Add(κ, 1)-generic over V and h is Q̇g-generic over V[g] such
that there is a Col(κ,<λ)-generic filter H over V[g, h] with V[g, h,H] = V[G]. Let
ẋ be the canonical Add(κ, 1)-name for the characteristic function of the subset of
κ induced by the generic filter. By a classical theorem of Silver (see, for example,
[Lüc12, Proposition 7.3]), we have (H(κ+)V[g,h],∈) ≺Σ1 (H(κ+)V[G],∈) and this
shows that there is some y ∈ (κκ)V[g,h] with (ẋg, y) ∈ [T ]V[g,h]. Since the partial
order Add(κ, 1) is homogeneous, we have

1lAdd(κ,1)∗Q̇  ∃y (ẋ, y) ∈ [Ť ].

Now suppose that g is Add(κ, 1)-generic over V and h0 × h1 is (Q̇× Q̇)g-generic
over V[g] such that there is a Col(κ,<λ)-generic filter H over V[g, h0, h1] with
V[G] = V[g, h0, h1, H]. By the above computations, there are y0 ∈ V[g, h0] and
y1 ∈ V[g, h1] such that (x, yi) ∈ [T ]V[g,hi] ⊆ [T ]V[G]. Then y0 = y1 and hence
y0 ∈ V[g] by mutual genericity. Since Add(κ, 1) is homogeneous, we have

1lAdd(κ,1)  ∃y (ẋ, y) ∈ [Ť ].

Finally, let g be Add(κ, 1)-generic over V and H be Col(κ,<λ)-generic over V[g]
with V[G] = V[g,H]. In this situation, the above computations show that there is
some y ∈ V[g] with (x, y) ∈ [T ]V[g] ⊆ [T ]V[G] and this shows that ẋg is an element
of Clubκ in V[G]. Since (H(κ+)V[g],∈) ≺Σ1 (H(κ+)V[G],∈) holds in this situation,
this shows that the subset of κ induced by g contains a club subset in V[g], a
contradiction.

The proof for Add(κ, κ+) instead of Col(κ,<λ) is analogous. �

The next statement is a direct consequence of Theorem 1.15 and Lemma 4.2.

Corollary 4.4. No Σ1
1-complete set (see Example 1.2) is contained in the class

Iκcl after forcing with either Add(κ, κ+) or Col(κ,<λ) with λ > κ inaccessible. In
particular, if ν is regular with κ = ν+ = 2ν , then the set Triv(κ, ν) of trivial ν-
coherent sequences is not a Σ1

1-complete subset of Coh(κ, ν) in the above forcing
extensions. �

Remark 4.5. The results of [Lüc12] show that an arbitrary subset A of κκ is
contained in the class Iκcl in a forcing extension of the ground model by a <κ-closed
partial order P(A) that satisfies the κ+-chain condition. Given some enumeration
〈sα | α < κ〉 of <κκ with lh(sα) ≤ α for all α < κ, the forcing P(A) constructed in
[Lüc12, Section 3] adds a subtree T of <κ2 and a bijection f : A −→ [T ] such that
for every x ∈ A, the branch f(x) is the unique element y of [T ] with the property
that there exists a β < κ with

sα ⊆ x ⇐⇒ y(≺α, β�) = 1
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for all α < κ. In a P(A)-generic extension of V, we define D to consist of all tuples
(s, t, u) in γκ× γ2× γκ with γ closed under Gödel pairing, t ∈ T , u constant with
value β and t(≺α, β�) = 1 if and only if sα ⊆ s for all α < lh(s). Let T∗ be the
subtree of <κκ× <κ2× <κκ obtained by the downwards closure of D. By the above
remarks, the projection onto the first coordinate is a continuous bijection between
the subsets [T∗] and A.

5. Classes defined from inner models

We start this section by proving Theorem 1.16. This result yields the remaining

implications between the classes SL,κ
1 , Iκ, Iκcl and Σ1

1(κ) shown in Figure 2.

Proof of Theorem 1.16. Let κ be an uncountable cardinal with κ = κ<κ, G be
Col(κ,<λ)-generic over V for some inaccessible cardinal λ > κ and M be an inner
model of V[G] with M ⊆ V. We work in V[G].

Let ϕ(u, v) be a Σn-formula, z ∈ κ2 and

A = {x ∈ κκ | M [x, z] |= ϕ(x, z)}.
Suppose that z0 ∈ (κκ)V codes a bijection between κ and <κκ. Let C denote the
set of Cohen-generic subsets of κ over M [z, z0] and let ẋ ∈M [z, z0] be the canonical
Add(κ, 1)-name for the element of κκ induced by the generic filter. Set

U =
⋃
{Ns | s M [z,z0]

Add(κ,1) ϕ
M [ẋ,ž](ẋ, ž)}.

Since we are working in a Col(κ,<λ)-generic extension, the set of dense open
subsets of Add(κ, 1) in M [z, z0] has cardinality κ in V[G]. Hence C is a comeager
subset of κκ, i.e. it is equal to the intersection of κ-many dense open subsets of
κκ. We claim that A∆U ⊆ κκ \ C. It is easy to see that C ∩ U ⊆ A. Suppose that
x ∈ A ∩ C. Then M [x, z] � ϕ(x, z) and this implies that

x � α M [z,z0]
Add(κ,1) ϕM [ẋ,ž](ẋ, ž)

for some α < κ. We can conclude that x is an element of U in this case. �

We present an interesting consequence of Theorem 1.16 and Corollary 1.17. A
different example of such a set was given in [ST13].

Proposition 5.1. Suppose that V = L[G], where G is Col(κ,<λ)-generic over L

with λ > κ inaccessible in L. Then the class SL,κ
1 contains a proper Σ1

1-set which
is not Σ1

1-complete.

Proof. Let A = {(x, y) ∈ κκ× κκ | y ∈ L[x]}. To show that the complement of A is
not a Σ1

1-subset in L[G], suppose that x ∈ A if and only if ϕ(x, x0) holds in H(κ+),
where ϕ(u, v) is a Σ1-formula and x0 ∈ H(κ+). Then there is some x ∈ κκ such
that x0 ∈ L[x] and (H(κ+)L[x],∈) ≺Σ1 (H(κ+),∈). Since κκ * L[x], it follows that

∃y ∈ κκ ϕ(x, y) holds in H(κ+) and there is a z ∈ (κκ)L[x] such that ϕ(x, z) holds
in H(κ+). But this implies z /∈ L[x] by the choice of ϕ(u, v), a contradiction.

By coding continuous functions f : κκ −→ κκ as elements of κκ, it is easy to see

that the class SL,κ
1 is closed under continuous preimages. This shows that the set A

is not Σ1
1-complete, because otherwise every Σ1

1-subsets of κκ would be contained

in the class SL,κ
1 , contradicting Corollary 1.17. �

By Proposition 1.13, the classes SL,κ
1 and Σ1

1(κ) coincide in L. In contrast, it
also consistent that for a fixed n < ω, the class SL,κ

n consists of ∆1
1-subsets.
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Remark 5.2. Given 0 < n < ω, it is possible to modify coding techniques developed
in [HL13] to construct a forcing extension of the ground model V in which the class
SL,κ
n consists of ∆1

1(κ) subsets of κκ. In this construction, we fix a universal Σn-
formula Φ(v0, v1) and recursively construct a notion of forcing P with the property
that the set

SatLn = {(n, x) ∈ ω × (κκ)V[G] | Φ(n, x)L[x]}

is definable over the structure (H(κ+)V[G],∈) by a Σ1-formula with parameters in
every P-generic extension V[G] of V. This is possible, because the validity of the
statement Φ(n, x)L[x] is absolute between V[G] and any intermediate extension given
by some complete subforcing of P. It is easy to see that the Σ1

1(κ)-definability of
SatLn+1 implies that every subset in SL,κ

n is ∆1
1(κ)-definable.

Sets contained in the class SL,κ
1 are always Σ1

1-definable. We close this section by

showing that for arbitrary inner models M , sets in the class SM,κ
1 are not necessarily

definable from ordinals and subsets of κ.

Proposition 5.3. Let µ > κ be a cardinal and G ×H be Add(κ, µ) × Add(κ, µ)-

generic over V. In V[G,H], there is a set A contained in the class S
V[G],κ
1 which

is not definable from ordinals and subsets of κ.

Proof. Let µ = X0 tX1, where |X0| = |X1| = µ. We may assume that G ×H is
(P×Q)-generic over V, where P = Add(κ,X0) and Q = Add(κ,X1). Given x ∈ κ2,
define s(x) = {α < κ | s(α) = 1}. Define A to be the set of all x ∈ κ2 such that
s(x) contains a club in V[G, x].

Assume, towards a contradiction, that there is a formula ψ(v0, v1, v2) that defines
A using parameters a ∈ κκ and γ ∈ On. Suppose that ȧ ∈ V is a nice (P×Q)-name
with ȧG×H = a. Then there is a condition p ∈ G × H which forces over V that
A is defined by ψ(·, ȧ, γ̌). Let S = supp(p) ∪ supp(ȧ). Since |S| ≤ κ, we can find
α ∈ X0 \ S, β ∈ X1 \ S and an automorphism π of P×Q which switches only the
coordinates α and β.

Let Q̇ denote the canonical Add(κ, 1)-name for a partial order that shoots a club

through the generic subset of κ by initial segments. Then Add(κ, 1) ∗ Q̇ is forcing
equivalent to Add(κ, 1). Given δ < µ, ẋδ and ẏδ be canonical (P×Q)-names such

that ẋḠ×H̄δ is the generic subset induced by g and ẏḠ×H̄δ is the corresponding generic
club subset whenever Ḡ× H̄ is (P×Q)-generic over V, Ḡδ is the filter on Add(κ, 1)

induced by the δ-th component of Ḡ and g ∗ h is the filter in Add(κ, 1) ∗ Q̇ induced
by Ḡδ.

Since α ∈ X0, we have ẋG×Hα , ẏG×Hα ∈ V[G] and hence ẋG×Hα ∈ A. By the
homogeneity of P×Q, we have p  ψ(ẋα, ȧ, γ̌). By applying π, we get p  ψ(ẋβ , ȧ, γ̌)

and ẋG×Hβ is an element of A. But this yields a contradiction, because ẋG×Hβ is

Add(κ, 1)-generic over V[G] and hence ẋG×Hβ does not contain a club subset in

V[G, ẋG×Hβ ]. �

6. Trees of higher cardinalities

The following observation shows that the class of projections of <κ-closed trees
without end nodes increases if we consider trees on κ × κ+, i.e. the class Cκ is

always a proper subclass of the class Cκ,κ
+

.
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Lemma 6.1. The closed subset W defined by (3) is the projection of a <κ-closed
subtree of <κκ× <κ(κ+) without end nodes.

Proof. Let D denote the set of all pairs (s, t) in γ2×γ(κ+) such that γ < κ is closed
under Gödel pairing and t : γ −→ κ+ is such that for all α, β < γ, α <s β if and
only if t(α) < t(β). Then D is <κ-closed.

Claim. D has no end nodes.

Proof of the Claim. Suppose that (s, t) ∈ D. We extend s to x ∈ κ2 with x(α) = 0
for all α > γ, and t to y ∈ κ(κ+) with y(α) = 0 for all α > γ. Then (x, y) is a
cofinal branch through D. �

In this situation, Lemma 2.3 implies that there is a <κ-closed subtree T of
<κκ× <κ(κ+) with A = p[D] = p[T ]. �

The following result shows that it is consistent that the classes Cκ,µ and Cκ,µcl
coincide for some µ < 2κ. In particular, there can be a µ < 2κ such that every
Σ1

1-subset is an element of Cκ,µ.

Lemma 6.2. Let κ be an uncountable cardinal with κ = κ<κ, µ = 2κ and G be
Add(κ, θ)-generic over V for some cardinal θ. In V[G], every closed subset of κµ
is equal to a continuous image of κµ.

Proof. We may assume that θ > µ, because otherwise µ = (2κ)V[G] and the state-
ment of the lemma holds trivially. Let A = [T ]V[G] be a closed subset of κµ in V[G].
Since Add(κ, θ) satisfies the κ+-chain condition and we can identify T with a subset
of µ, we may assume that T is an element of V. By Proposition 1.3, it suffices to
show that A is equal to the projection of a <κ-closed subtree of <κµ×<κµ without
end nodes in V[G].

Let σ be an Add(κ, θ)-nice name for an element of [T ] in V. Since Add(κ, θ)
satisfies the κ+-chain condition, the set X = supp(σ) is a subset of θ of cardinality
at most κ. Define Tσ to be the subtree of <κµ × <κAdd(κ,X) that consists of all
pairs (t, ~p ) ∈ γκ× γAdd(κ,X) such that γ < κ and the following statements hold.

• 〈~p (α) | α < γ〉 is a descending sequence of conditions in Add(κ,X).
• If α < γ, then ~p (α) VAdd(κ,X) “ š � (α̌+ 1) ⊆ σ ”

Then [Tσ] is a <κ-closed tree without end notes. We have σG ∈ p[Tσ]V[G] and
p[Tσ]V[G] ⊆ A, because A is closed.

We can find an automorphism π of Add(κ, θ) in V with supp(π(σ)) ⊆ κ. If
(t, 〈~p (α) | α < γ〉) is an element of Tσ, then it follows that (t, 〈π(~p (α)) | α < γ〉) is
an element of Tπ(σ). This shows that p[Tσ]V[G] = p[Tπ(σ)]

V[G].
The above computations show that for every element x of A there is a Add(κ, κ)-

nice name σ for an element of [T ] in V such that x ∈ p[Tσ]V[G] ⊆ A. Since there
are at most µ-many Add(κ, κ)-nice names for elements of [T ] in V and Add(κ, κ)
has cardinality κ in V, we can conclude that A is equal to the union of µ-many
projections of <κ-closed subtrees of <κµ×<κκ without end nodes. But this shows
that A is equal to the projection of a <κ-closed subtree of <κµ× <κµ without end
nodes. �

7. Perfect embeddings

In this section, we isolate a property of subtrees of <κκ that implies that the
corresponding closed subset of κκ is not a continuous image of a space of the form
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κµ. We will use this implication to prove several consistency results mentioned in
Subsection 1.4.

Theorem 7.1. Let κ be an uncountable regular, U be an unbounded subset of κ
and T be a subtree of <κκ. If µ is a cardinal with µ<κ < |[T ]| and c : κµ −→ [T ] is a
continuous surjection, then there is a strictly increasing sequence 〈λn ∈ U | n < ω〉
with least upper bound λ and an injection

i :
∏
n<ω

λn −→ T (λ).

such that
x � n = y � n ⇐⇒ i(x) � λn = i(y) � λn

holds for all x, y ∈
∏
n<ω λn and n < ω.

Proof. We start by proving two claims.

Claim. If U is an open subset of κν with |c[U ]| > µ<κ, then there is an x ∈ U with
|c[Nx�α]| > µ<κ for all α < κ.

Proof of the Claim. Assume, towards a contradiction, that for every x ∈ U there is
an αx < κ with |c[Nx�αx ]| ≤ µ<κ. Define A = {x � αx | x ∈ U} ⊆ <κµ. Then

|c[U ]| ≤ |
⋃
t∈A

c[Nt]| ≤
∑
t∈A
|c[Nt]| ≤ µ<κ,

a contradiction. �

Claim. Let γ̄, λ < κ and s ∈ <κµ with |c[Ns]| > µ<κ. Then there is an ordinal
γ̄ ≤ γ < κ and a sequence 〈yα ∈ Ns | α < λ〉 such that the following statements
hold for all α, ᾱ < λ.

(i) |c[Nyα�β ]| > µ<κ for all β < κ.
(ii) c(yα) � γ = c(yᾱ) � γ if and only if α = ᾱ.

Proof of the Claim. We recursively construct

• a strictly increasing sequence 〈γα | α < λ〉 of ordinals and
• a sequence 〈yα ∈ Ns | α < λ〉

such that the following statements hold for all α < λ.

(a) |c[Nyα�β ]| > µ<κ for all β < κ.
(b) If ᾱ < α, then c(yα) � γα 6= c(yᾱ) � γα.

Assume that the above sequences are constructed up to α < λ. We define

U = Ns \ c−1[{c(yᾱ) | ᾱ < α}].
Then U is open and |c[U ]| > µ<κ. In this situation, the above claim implies that
there is a yα ∈ U such that the statement (a) holds. Since c(yα) 6= c(yᾱ) for all
ᾱ < α, there is a γ̄ ≤ γ < κ with γ ≥ lubᾱ<αγᾱ and c(yᾱ) /∈ Nc(yα)�γα for all ᾱ < α.
This implies that the above statement (b) holds.

If we define γ = supα<λ γα < κ, then this construction ensures that the state-
ment of the lemma holds. �

Now we recursively construct

• a strictly increasing sequence 〈λn < κ | n < ω〉 of ordinals,
• a sequence 〈sp ∈ <κµ | n < ω, p ∈

∏
m<n(λm + 1)〉 of functions, and

• a sequence 〈tp ∈ T (λn) | n < ω, p ∈
∏
m<n(λm + 1)〉 of nodes in T
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such that the following statements hold for all n < ω and p, q ∈
∏
m<n(λm + 1).

(i) 0 < λn+1 ∈ U .
(ii) |c[Nsp ]| > µ<κ and c[Nsp ] ⊆ Ntp .
(iii) Ntp ∩Ntq 6= ∅ if and only if p = q.
(iv) If m < n, then sp�m ( sp and tp�m = tp � λm.

Set s∅ = t∅ = ∅ and λ0 = 0. Now assume that n < ω and the sequences
〈λm | m ≤ n〉, 〈sp | p ∈

∏
m<n(λm + 1)〉 and 〈tp | p ∈

∏
m<n(λm + 1)〉 are already

constructed. Pick p ∈
∏
m<n(λm+1). Apply the second claim to λn, λn+1 and sp

to obtain an ordinal λn ≤ γp < κ and a sequence 〈ypα ∈ Nsp | α < λn + 1〉 satisfying
the properties (i) and (ii) stated in the claim. Define

λn+1 = min(U \ lub{γp | p ∈
∏
m<n

(λm + 1)}) < κ.

Given p ∈
∏
m<n(λm + 1) and α < λn + 1, we define

tp_〈α〉 = c(ypα) � λn+1

and

sp_〈α〉 = ypα � min{β < κ | c[Nypα�β ] ⊆ Ntp_〈α〉}.
Let λ = supn<ω λn. Fix a z ∈

∏
n<ω(λn + 1). Then we have sz�n ⊆ sz�(n+1)

and tz�n ⊆ tz�(n+1) for all n < ω. Hence there is an xz ∈
⋂
n<ω Nsz�n and our

construction yields

c(xz) ∈ [T ] ∩
⋂
n<ω

Ntz�n .

Pick z0, z1 ∈
∏
n<ω(λn + 1) and n < ω. Assume z0 � (n+ 1) 6= z1 � (n+ 1). Our

construction ensures Ntz0�(n+1)
∩Ntz1�(n+1)

= ∅ and c(xzi) ∈ Ntzi�(n+1)
for all i < 2.

Hence c(xz0) � λn+1 6= c(xz1) � λn+1. In the other direction, if z0 � n = z1 � n,
then c(xz0) ∈ Ntz0�n ∩Ntz1�n 6= ∅ and we get z0 � n = z1 � n. In particular, we can
conclude that the induced map

i0 :
∏
n<ω

(λn + 1) −→ T (λ); z 7−→ c(xz) � λ

is an injection. By embedding the product
∏

0<n<ω λn into
∏
n<ω(λn + 1), the

statement of the theorem follows. �

We use Theorem 7.1 to prove the following result that will imply Theorem 1.18
and Theorem 1.19.

Theorem 7.2. Assume that there is an inner model M of ZFC such that R * M
and every countable set of ordinal in V is covered by a set that is an element of M
and countable in M . If κ is an uncountable regular cardinal, then there is a closed
subset A of κκ such that A is not a continuous image of κµ for every cardinal µ
with µ<κ < |(2κ)M |V.

The following result due to Veličković and Woodin will be the key ingredient of
this proof. Remember that a tree T is superperfect if above every node of T there
is a node with infinitely many direct successors.

Theorem 7.3 ([VW98, Theorem 2]). Let T be a superperfect subtree of <ωω. If
M is an inner model of ZFC with [T ]V ⊆M , then RV ⊆M .
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Proof of Theorem 7.2. Let M be an inner model of ZFC with RV * M and the
property that every countable set of ordinals in V is covered by a set that is con-
tained in M and countable in M . We work in V. Fix an uncountable regular
cardinal κ and let T denote the subtree (<κ2)M of <κκ. Assume, towards a con-
tradiction, that there is a continuous surjection c : κµ −→ [T ] for some cardinal µ
with µ<κ < |(2κ)M |. Since T has at least |(2κ)M |-many cofinal branches, we can
use Theorem 7.1 to find a strictly increasing sequence 〈λn < κ | n < ω〉 with limit
λ and an injection i : ωω −→ T (λ) with

x � n = y � n ⇐⇒ i(x) � λn = i(y) � λn

for all x, y ∈ ωω and n < ω. By our assumptions, we have cof(λ)
M

= ω and there
is a strictly increasing sequence 〈ηn | n < ω〉 contained in M that is cofinal in M .
Moreover, with the help of a well-ordering of T in M we can find C ∈ M such
that C is countable in M and the set {i(x) � ηn | x ∈ ωω, n < ω} is contained in
C. Define

B = {t ∈ T (λ) | ∀n < ω t � ηn ∈ C} ∈ M.

Then ran(i) ⊆ B.

Claim. If t ∈ λ2 such that for every k < ω there is an x ∈ ωω satisfying t � ηk =
i(x) � ηk, then t ∈ ran(i) ⊆ T (λ) ⊆M .

Proof of the Claim. Fix n < ω. Then there is a k < ω with ηk ≥ λn and our
assumption gives us an xn ∈ ωω with t � λn = i(xn) � λn. Define sn = xn � n.
Given x ∈ ωω, the properties of i imply that i(x) � λn = t � λn if and only if sn ⊆ x.
This shows that xt =

⋃
n<ω sn is an element of ωω with i(xt) = t. �

Fix an injective enumeration 〈cn | n < ω〉 of C that is contained in M and let
j : B −→ (ωω)M denote the injection in M defined by

j(t)(n) = k ⇐⇒ t � ηn = ck.

Claim. The set ran(j ◦ i) is closed in ωω.

Proof of the Claim. Let z be a limit point of ran(j ◦ i) in ωω. Fix k ≤ n < ω. Then
there is an x ∈ ωω with (j ◦ i)(x) � (n+ 1) = z � (n+ 1) and

cz(k) = c(j◦i)(x)(k) = i(x) � ηk ⊆ i(x) � ηn = c(j◦i)(x)(n) = cz(n) ∈ T (ηn).

This shows that t =
⋃
n<ω cz(n) is an element of λ2 with the property that for every

n < ω there is an xn ∈ ωω with t � ηn = i(xn) � ηn. By the above claim, there is
an x ∈ ωω with i(x) = t. If k < ω, then i(x) � ηk = t � ηk = cz(k). This shows that
z = (j ◦ i)(x) ∈ ran(j ◦ i). �

Let S = {(j ◦ i)(x) � n | x ∈ ωω, n < ω}. Then [S] = ran(j ◦ i) ⊆M .

Claim. S is a superperfect subtree of <ωω.

Proof of the Theorem. Let x ∈ ωω and k < ω. Then there are m,n < ω such that
ηk ≤ λm < λm+1 ≤ ηn. Then there is a sequence 〈xp ∈ ωω | p < ω〉 such that
xp � m = x � m and xp(m) = p. Given p < ω, we have i(x) � ηl = i(xp) � ηl for
every l < k and therefore (j ◦ i)(x) � k ⊆ (j ◦ i)(xp) � (n+ 1). Since

(j ◦ i)(xp) � (n+ 1) 6= (j ◦ i)(xq) � (n+ 1)

for all p < q < ω, this shows that (j ◦ i)(x) � k has infinitely many successor at
level n+ 1. But this shows that there is a node above (j ◦ i)(x) � k in S of length
at most n that has infinitely many direct successors. �
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The combination of the last claim and Theorem 7.3 shows that R ⊆ M , a
contradiction. �

We close this section with the proofs of the theorems mentioned above.

Proof of Theorem 1.19. Assume that V is an Add(ω, 1)-generic extension of some
ground model M . Then M satisfies the assumptions of Theorem 7.2, because
Add(ω, 1) satisfies the countable chain condition and adds a new real. Let κ be an
uncountable regular and A be the closed subset of κκ given by Theorem 7.2. If µ
is a cardinal with µ<κ < 2κ, then µ<κ < (2κ)M and A is not equal to a continuous
image of κµ. �

Proof of Theorem 1.18. Fix an uncountable cardinal κ with κ = κ<κ, a cardinal
µ ≥ 2κ with µ = µκ and a cardinal θ ≥ µ with θ = θκ. Let G be Add(κ, µ)-generic
over V, H be Add(ω, 1)-generic over V[G] and K be Add(κ, θ)V[G,H]-generic over
V[G,H]. Then µ = (2κ)V[G] = (2κ)V[G,H], κ = (κ<κ)V[G,H], θ = (2κ)V[G,H,K] and
all models have the same cardinals.

We work in V[G,H,K]. Then the inner model V[G] satisfies the assumptions of
Theorem 7.2 and there is a closed subset A of κκ such that A is not equal to all
continuous image of κµ̄ for a cardinal µ̄ with µ̄<κ < |(2κ)V[G]| = µ. Finally, Lemma
6.2 implies that every closed subset of κµ is equal to a continuous image of κµ. �

8. Questions

We close this paper with questions raised by the above results.
Proposition 1.13 shows that the classes Σ1

1(κ) and SL.κ
1 coincide in models of the

form L[x] with x ⊆ κ. This induces the question whether there are other models in
which these classes are identical.

Question 8.1. If the classes Σ1
1(κ) and SL,κ

1 coincide, is there an x ⊆ κ with
κκ ⊆ L[x]?

By Proposition 1.13 and Theorem 1.15, the statement “ the club filter is a con-
tinuous injective image of a closed subset of κκ” is not absolute between different
models of set theory. In particular, it is consistent that the club filter is not a
continuous injective image of the whole space κκ. Therefore it is natural to ask
whether the negation of this statement is also consistent.

Question 8.2. Is it consistent that the club filter Clubκ on κ is an element of Iκ?

The discussion presented in Subsection 1.4 shows that it is consistent that all

subsets in Cκ,κ
+

can consistently be Σ1
1-definable. Therefore we may ask if these

continuous images can consistently be contained in the smaller classes considered
in this paper.

Question 8.3. Is it consistent that the class Cκ,κ
+

is contained in the class Iκcl?
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[Tod87] Stevo Todorčević. Partitioning pairs of countable ordinals. Acta Math., 159(3-4):261–294,

1987.
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